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Abstract. In this paper, we mainly discuss the copositivity of 4th 
order symmetric tensor defined by scalar dark matter stable under 
a Z, discrete group, and obtain an analytically necessary and 
sufficient condition of the copositivity of such a class of tensors. 
Furthermore, this analytic expression may be used to verify the 
vacuum stability for Z scalar dark matter. 
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1 Introduction 


In particle physics, the standard model of multiple real scalar fields or mul- 
tiple microscopic particles potentials is fourth-degree homogeneous polyno- 
mial. It is well-known that a 4th-degree homogeneous polynomial has a 
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one-to-one correspondence with a 4th order symmetric tensor. A physical 
example is given by scalar dark matter stable under a Z 3 discrete group 
( [2,3,23-25]). That is, the most general scalar potential of a Higgs Hy, an 
inert doublet Hy and a complex singlet S is 


3 
V (hi, ho, s) = V(¢) = Vot > VizktPiP js PEP (1) 


i,9,kl=1 


where ¢ = (¢1,¢2,¢3)" = (ha,he,s)", hi = |Hil, ho = |A|, HoH = 
hyhope’®, S = setts, V = (vjjx1) is a 4th order 3-dimensional real symmetric 
tensor. It is obvious that the vacuum stability for Z3 scalar dark matter 
(that is, V (hı, h2,s) > 0) is really equivalent to the (strict) copositivity of 
the tensor V = (v;;x). The concepts of copositivity and positive definite- 
ness of symmetric tensor were first introduced by Qi [32,33]. An mth order 
n-dimensional real tensor A = (4a;,;,..i,,) is said to be 


(i) (strictly) copositive if for all non-negative vector x € R” with ||x|| = 1, 


Ar” = L Gigi ae Ci Lig Se, Z 0 (> 0); (2) 


ty imal 


(ii) semipositive (positive) definite if Ax™ > 0 (> 0) for all vector x € R” 
with ||z|| = 1 and an even number m. 


Qi [33] proved a symmetric tensor is (strictly) copositive if each sum of a 
diagonal element and all the negative off-diagonal elements in the same row 
is (positive) nonegative. Subsequently, many good properties are studied 
for this class of tensors. Song-Qi [37] proposed a method to test the (strict) 
copositivity of symmetric tensors by using principal sub-tensors. Song-Qi [42] 
introduced the concepts of Pareto H-eigenvalue and Pareto Z-eigenvalue by 
means of Lagrange multipliers, and gave the relation between the Pareto 
H-eigenvalue (Z-eigenvalue) and the (strict) copositivity of corresponding 
tensor. Song-Qi [40] presented that a symmetric tensor is (strictly) copositive 
if and only if it is (strictly) semipositive. An mth order n-dimensional real 
tensor A = (d;,i,..i,,) is called (strictly) semipositive if for each non-negative 
and non-zero vector x, there exists an index k € 1,2,...,n such that 


ay, > 0 and (Az™*), > 0 (> 0) 


This notion is firstly used by Song-Qi [38]. This kind of tensors has good 
properties and applications in the study of tensor complementary problem. 
Song-Qi [38] proved every strictly semi-positive tensor is a Q-tensor. Further- 
more, we can use it to explore the copositivity of tensors and its application- 
s [39,43,45,47]. More details may be find in refs. [4—7, 11, 14,15, 18,28, 49-51] 
and others. 

Besides, some alternative numerical algorithms for copositivity of ten- 
sors have been proposed. Chen-Huang-Qi [8] studied some basic theories 
of copositivity detection of symmetric tensor and presented corresponding 
numerical algorithms. Li-Zhang-Huang-Qi [26] proposed an SDP relaxation 
algorithm to test the copositivity of higher order tensors. The more numeri- 
cal algorithms for checking copositivity of high order tensors were presented 
by Chen-Huang-Qi [9], Chen-Wang [10]. For more details about copositivity 
algorithms, also see [30,34,36]. But these conclusions are not really specially 
designed for the 4th order symmetric tensor, and may not attain the analytic 
conditions required by the physical problems. 

Recently, Song-Qi [41] and Liu-Song [27] respectively presented different 
sufficient conditions of copositivity. Song [46] presented the positive definite- 
ness of 4th order symmetric tensor. Guo [16] showed a necessary and suffi- 
cient condition of a binary quartic form. Very recently, Qi-Song-Zhang [35] 
showed new necessary and sufficient conditions for quartic polynomial to be 
positive for all positive reals. Song-Qi [44] gave an analytic necessary and 
sufficient condition of positive definiteness of 4th order symmetric tensors 
defined in particle physics. However, the analytic necessary and sufficient 
conditions have not been obtained for copositivity. 

In this paper, we work on seeking analytically checable necessary and 
sufficient condition for copositivity of 4th order symmetric tensor. First- 
ly, motivated by Qi-Song-Zhang’s [35] result, we show a simple analytical 
expression of copositivity of 4th order 2-dimensional symmetric tensor. Fur- 
thermore, with the help of these conclusions, we discuss copositivity of a 
4th order 3-dimensional symmetric tensor defined by vacuum stability for Zs 
scalar dark matter. 


2 Preliminaries and Basic facts 


It is well-known that both 2x2 matrix (Andersson-Chang-Elfving [1], Hadeler 
[17], Nadler [31]) and 3 x 3 matrix (Hadeler [17] and Chang-Sederberg [12]) 


have analytically copositive condition. 


Lemma 2.1. A real symmetric 2 x 2 matrix A = (a;;) is (strictly) copositive 
if and only if 


ay, > 0 (> 0), az > 0 (> 0), a12 + ai a22 > 0 (> 0). 
A real symmetric 3 x 3 matrix A = (aij) is (strictly) copositive if and only if 
aiı > 0 (> 0), dog > 0 (> 0), a33 > 0 (> 0), @ = aig + vanaz > 0 (> 0), 
B = ais + Varas > 0 (> 0), y = a23 + vassa > 0 (> 0), 
429/433 + Q13 y/a22 + 93,/A11 + y/a11022033 + V2aßy >0(>0). 


The non-negativity of a quadratic polynomial with one variable are well- 
known (also see Qi-Song-Zhang [35] for more details). 


Lemma 2.2. Let f(t) be a quadratic polynomial with one variable and a > 0, 
f(t) =at? + bt +e. 
Then f(t) > 0 (> 0) for all t > 0 if and only if 
vide ae if b > 0 
4ac— b > 0 (>0), ifb<0. 


The non-negativity of a quartic polynomial with one variable is showed 
by Ulrich-Watson [48] for all positive real numbers. Recently, Qi-Song-Zhang 
[35] reexpressed their conclusions. 


Lemma 2.3. Let f(t) be a quartic polynomial with a > 0 and e > 0, 
f = att + 0 +c? +dt+e. 
Then f(t) > 0 for allt > 0 if and only if 
(1) A <0 and bye + dya > 0; or 
(2)b>0,d>0 and 2yae + c > 0; or 
(3) A>0, [bye — dya| < 4,/ace + 2ae yae and either 
(i) —2,/ae < c < 6y/ae, or 
(ii) c > 6yae and bye + dya > —4,/ace — 2ae yae. 
where A = 4(12ae — 3bd + °)’ — (72ace + 9bed — 2c? — 27ad? — 27b?e)?. 


3 Main Results 


Let A be a 4th order 2-dimensional symmetric tensor. Then for a vector 
£ = (21, 22)", 


2 
Ax* = 
t = QijklLil jkT 
i,j,k, =1 
4 3 2.2 3 4 
= 11117] + 40111227 L2 + 604122071 Lo + 4012927125 + A222213 


Next, we give the analytical expression of the copositivity of a 4th order 
2-dimensional symmetric tensor. 


Theorem 3.1. Let A = (aijx1) be a 4th order 2-dimensional symmetric ten- 
sor with a1111 > 0 and ag299 > 0. Then A is copositive if and only if 


(1) IP —27J? < 0, a12224/41111 + 01112/42222 > 0; or 
(2) d1222 È 0, A112 = 0, 301122 + yv'a111102222 = 0; or 
(3) P —27J? > 0, 
[a112 @2222— 01222/41111 | < „/ 6011114112202222 + 2a1111022224/4111102222 
(i) —y/4111102222 S 301122 < 3V/Q111142222; 
(ii) ar22 > y/a111102222, 
11124/02222 +01222 41111 = —,/ 611114112202222 — 24111102222 4/4111102222, 


= 2 
where I = a411102222 — 44111241222 + 304201; 


_ 3 2 2 
J = 041110112202222 + 2011120112201222 — Q4122 — 4111197222 — 0111202222. 


Proof. For x = (11, £2)! with x; > 0 (i = 1,2) and ||x|| = 1, we have 


4 4 3 2 nd 3 4 
Ax = A111 01 + 4a1112%7 £2 + 6a4 12905 £3 + 4a4299% 1X5 + 2929U5. 


Obviously, Axt = a222 > 0 if x; = 0 and z2 Æ 0, and Azt = ayy > 0 
if zı # 0 and z2 = 0. Suppose xı # 0 and z2 Æ 0, we may rewritten the 
homogeneous polynomial Az‘, 


v2 v2 T2 

4 4 2 3 

Ax” = xi (ai + 4a1112— + 6€1122(—)* + 4ai222(— )? + a2222( 
Éi Tı Tı 1 


Clearly, Ax* > 0 if and only if 


f(t) =at* + bt + ct? +dt+e>0, 
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where a = az222, b = 4a1222, € = 6d1122, d = 4a1112, € = Qiu, t = a 
Then we have k 
A = 4(12ae — 3bd + °)? — (72ace + 9bcd — 2c? — 27ad” — 27b7e)? 
= 4(12a111142222 — 12 x 44111201122 + 12 X 3a745)° 
— (72 x 6a411141122G2292 + 72 X 1241112112201222 — 72 X 6019 
— 72 x 64741242292 — 72 X 64411145492)” 


3 2 3 
=4x 12 (4111142222 — 40411201122 + BGs 599) 


2 2 3 2 2 2 
— 72° x 6 (a11114112202222 + 2€41120112201222 — Q4492 — 9411242222 — 111104199) 


= 4 x 199" —277"), 


and so, the discriminant A and J? — 27J? have the same sign. Then the 
conclusion may be obtained by Lemma 2.3. 


Now we consider the copositivity of 4th order 3-dimensional symmetric 
tensor given by scalar dark matter stable under a Z3 discrete group ( [2,3, 
23-25]). The most general scalar quartic potential of the SM Higgs Hı, an 
inert doublet H», and a complex singlet S can be written as 


V (hi, he, 8) = A| Hi |* + A2|H2| + A3|-Ai|?| Hol? + M(H} Ho) (HEA) 
+ ds|5|* + dg S| | Ai? + dg2|S|?| Ho? 


1 
7 5 Asi25° A] M + Ab128 H} H) (3) 


+ Ags* + Ası? h? + àAs28° h? = |As12| psy he, 


where hy = Hl, ho = |H], HH, = hyhope'®, S= sees , Ags12 = —|às12l, 
|p| € [0, 1] is the orbit space parameter. Without loss of generality, assuming 
that h? + h2 +s? = 1 in the sequel. 


JAs12|5? 


Theorem 3.2. Let A; > 0, Az > 0, As > 0 and po = Svan Then 
V(hy, he, s) > 0 (> 0) for all hy > 0, ho > 0, s > O if and only if 
Às2 + 2y dors > 0 (> 0), Agi + 2 AAs > 0 (> 0) and 


A3 + v4 + 2y À1A2 >0 (> 0), V,=1(h1, hea, 8) > 0 (> 0), if va <0 
A3 + 2y À1A2 >0 (> 0), Vp=p (ħa, hy, 8) >0 (> 0), if A4 >0. 


Proof. It is obvious that V (h1, 0,0) = A, > 0, V(0, he, 0) = Ag > 0, V(0,0, s) = 
As > 0 and 


1 h2 
V (0, ho, s) = Aghs + Ags? + Aggh3s* = (hå s*) a 582 : 
3As2. Xs s 


It follows from Lemma 2.1 that 

V (0, ho, s) > 0 (> 0) if and only if As2 + 2V 2s = 0 (> 0). (4) 
Similarly, we also have 

V(hı,0,s) > 0 (> 0) if and only if Ası + 2V à1às > 0 (> 0), (5) 


V (hi, ho, 0) > 0 (> 0) if and only if A3 + MP +2 Alà > 0 (> 0). 
Since |p| € [0, 1], the function f (p) = A3+A4p?+2V/A12 reaches its minimum 
value at p = 0 (if A4 > 0), p = 1 (if A, < 0), and hence, 

V (hi, h2,0) > 0 (> 0) if and only if Az + 2V à1A2 > 0 (> 0) 

A3 + ry + 2V ià > 0 (> 0). 


For hı > 0, hg > 0, s > 0, we consider the function g(p) = V (h1, he, s) 
about one variable p, which is a quadratic function. Clearly, 


dg 
oe) = 24h? hs = |As12|s*Arhe, 
and so, the function g(p) has a unique extremum value at po R A 
If A4 > 0, then g(p) reaches its minimum value at pọ = Dsl., and hence, 


V (hı, he, 8) > 0 is now equivalent to g(po) > 0. When Aq < 0, g(p) reaches 
its minimum value at p = 1, and by that time, V (h1, ho, s) > 0 if and only if 
g(1) > 0. This completes the proof. 


Let x = (x1, 22,23)? = (hi, he, s)! and 


1 
Vill = Ài, U33239 = A2, U3333 = As; U1122 = gs + A4), V1133 = sh 
(7) 


1 1 
02233 = gs U1233 = ~FalAsial: Vijkų = 0 for others. 
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Then V = (viji) is a 4th order 3-dimensional symmetric tensor and g(1) = 
V,-1(h1, h2, s) = Vz*, and so, the inequality V,-1(hi, he, s) > 0 is equivalent 
to the copositivity of V. By the special structure of V, we now give a necessary 
and sufficient condition for its copositivity. Let 


Nao = 4Ag5A1 — Nei Nos = 4AgA2 — AŽas 
A13 = 2As2|Asi2|, A31 = 2As1|As12], 
Nog = 4AgA3 + 4AgA4 — |Asia|? — 2As1As0, (8) 
A = 4(12AgoAoa — 3A31A13 + Az2)® 
— (72AgoAzv2Aoa + 9A31A22A13 — 2A33 — 27Ad0AZ3 — 2731 A04)?- 


Theorem 3.3. Let V = (vijkı) given by (7) with A, > 0, A2 > 0, Ag > 0. 
Then V is copositive if and only if 


(1) Asi = 0, Ase = 0, 2VAsiAs2 = |Asial, A3 + A4 + 2VALA2 > 0. 
(2) Asi < 0, Aso < 0, 4AgA2 — Ào > 0, 4AgA1 — AZ, > 0 and 
DA <0, AigsWAao + à31VÀo4 > 0, or 
QA > 0, [Aso — Ars Ado] < 4V As0A22A04 + 2Aa0Aoa WV AaoAoa, 
(i)—2,/aoroa < A22 < 6V/AsorAoa} 
(it)A22 > 6VAaoXoa; 
Asi VAoa + A13 Vao > —4-VAsoA22A04 — 2AsoA0aV/AaoA04- 


Proof. Rewritten the equation (3) as follows, 


Vat = V(hy, ho, 8) = Ast? + M(hi, hajt + V (ha, h2), 
where t = s?, 
M (hy, ho) = Agih? + Aggh3 — |Agie|hihe, (9) 
V (itis) = Aah + ak Oe wie. (10) 


Then Vx* can be seen as a one-variable quadratic polynomial about t, and 
hence, it follows from Lemma 2.2 that V is copositive if and only if 


(1) M (ha, hg) > 0, V (lii hg) > 0, 


(2) M(hy, h2) < 0, 4AsV (hi, h2) — (M (hi, ha)? > 0. 


Case (1). Clearly, both M (hı, h2) and V (hı, h2) are two quadratic form 
with coefficient matrices 


( Asi —$|Asiol aad , Ay $(A3 + Aq) 
—5|Asi2| Ase 5(A3 + Aa) A2 ? 


and so, it follows from Lemma 2.1 that M (hı, h2) > 0 and V (h, h2) > 0 are 
respectively equivalent to 


Agi 2 0, Ase > 0, —|às12| + 2V As1As2 > 0 and Az + A4 + 2V à1A2 > O. 


Case (2). Obviously, M (h1, h2) < 0 is equivalent to the strict copositivity 
of —M (hı, họ), and then, M (h1, h2) < 0 if and only if 


Asi < 0, Ags2 < 0, |Asia| + 2/ Asi Ase > 0. 


It is always tenable that |Asi2| +2VAsiAs2 > 0, and hence, M (h1, h2) < 0 if 
and only if 
Àsı <0, Ago < 0. 
Now we prove 4\5V (hi, h2) — (M(hi,h2))? > 0, which is rewritten as 
follow, 


4AsV (hı, ho) — (M (hi, ha))}? = 4Ag(Anht + Aah + (Ag + Aa) hZR2) 
— (As1hi + Ageh5 — |Asi2|hihe)? 
= (4AsÀ1 — AZ) hE + 2Ag1|Asi2|h$he 
+ (4A5A3 + 4A gAa — |Asial? — 2As1As2)hih3 
+ 2Age|Asie|hihs + (4AsA2 — AZo )h3 
= Naoh{ + Asi hihe T Nahi h3 F Azha hà F Noahs. 


So, this obtain a 4th order 2-dimensional symmetric tensor A = (a;;4) with 


1 1 1 
1111 = A40; 42222 = Ao, Q1112 = ras 41122 = G22 41222 = 7% 


and then, by Theorem 3.1, we have, 


DA <0, À13 V A40 + A31 V doa > 0, or 


@ rAi3 = 0, Agi > 0, A22 + 2VAdoA0s > 0, or 


A > 0, [AsV A04 — Ai3v Ago] < Ay/dapAz2Ao4 + 2A40A04 V À40A04, 


(i)—2V/ AgorAoa < A22 < 6V À40A04; 
(ii) Az2 = 6y A40A04;, 
Ası V Ao + A13 V A40 = =A AigAasAji — 2A40A04 V A4004. 


As As, < 0 and Asz < 0, there will be no the inequalities A13 = 2A91|Agi2| > 0 
and A3; = 2Ag2|Asi2| = 0, and then, the above conditions © and © guarantee 


that 4AsV (hy, h2) — (M (hı, h2))? > 0. This complete the proof. 
Now we show the necessary and sufficient conditions of Vp=p (h1, h2, s) = 
— |Agi2|s? Then 


~ 2rah ihe’ 


g(po) 2 0. 
Theorem 3.4. Let A; > 0, à2 > 0, As > 0, Ag > 0 and po 
V =p (hi, ha, 8) > 0 if and only if 
4NAg — |Asi2|? > 0, a = às + 2VA1A2 > 0, 
b = àsı + WJA GAs = Psl) > 0, y = Às2 + 2y/ Aa(As = Re) 2, 
Agy/As — PSE + Agi Vda + Aso + Vay > 0. 
Proof. We plug po = lAsials” into the equation (3) 
2rah he : 
Asi2\? Asi2|? 
Vn (hap lin, 8) = Aah Hooks Ses" | ne a_l sul 3! 
+ Ahihi + Asis h? JA às28° h? 
À 2 
= Mhi + Ahi + (Ag = Asia!” )s4 
Ang 
(11) 


+ Ashe he + Asis h? + As28° h2. 


Then V,=p (h1, h2, $) may be seen as a quadratic form about (hî, h3, s°) with 


the coefficient matrix 
A 3% 5As1 
5A3 Ag 5As2 (12) 
s\s2 As — Aste 


Therefore, V,—,.(hi, h2, 5) > 0 is equivalent to the copositivity of the above 
coefficient matrix, and hence, after making simple calculations, the desired 
conclusions directly follow from Lemma 2.1. 


In summary, we obtain an analytical necessary and sufficient condition of 
copositivity for a special 4th order 3-dimensional symmetric tensor defined 
by vacuum stability for Z scalar dark matter. 


Theorem 3.5. Let V (hi, ho, 5) be given by (3) with A, > 0, àz > 0, Ag > 0. 
Then V (hy, ho, s) > 0 if and only if As2 + 2V A25 > 0, Ası + 2V AAS > 0 
and 


(I) M > 0, 44s — |Asi2|? > 0, a = Az + 2VAIA2 > 0, 


B= Asi + 2y/ lds — PaP) > 0, y = Ase + 2y olds — PR) > 0, 


Asy/Ag — BRE + Asia + Asem + vagy = 0. 
(II) M < 0, Az + Ag + 2VALA2 > 0 and 
(1) Asi = 0, Ase > 0, 2VAsiAs2 = |Asizl. 
(2) Asi < 0, Aso < 0, 4AgA2 — AZy > 0, 4ASA1 — AZ, > O and 
DA <0, AizW Ago + Asi VÀo4 > 0, 
QA > 0, |AsrWAoa — Ars V/Adol < 4V As0A22A04 + 2AsoA0aV AaoA04 
(i)-2V/Maoroa < A22 < 6V/AsoAo4; 
(ii)A22 > 6V/AsoAos, 
AsV Aoa + Ars Ago > —4-V/AsoAz2A0a — 2AsoAaVMaoA04 
Remark 3.1. An analytically necessary and sufficient conditions of copos- 
itivity for a class of special 4th order 3-dimensional symmetric tensors is 
proved, but the analytical expression of its strict copositivity doesn’t still know. 


Then for a general 4th order 3-dimension symmetric real tensor, how to ob- 
tain its analytical expressions of (strict) copositivity. 
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Remark 3.2. For three Higgs doublets with equal electroweak quantum num- 
bers ġdi, i = 1,2,3, the Higgs potential model can construct the following 
form [13, 19-22, 29], 


M, A 
V=- co + Papa + 363) + (Pii + $362 + $363)" 


SCOE: ($302)” + (0303) — (i01) (432) — (H101) (9393) — ($342) (%3%3)] 


— i: [(Redide)” + (Reb3¢3)? + (Red3¢1)”| 
+ A [(Imdid2)” + (Imoz)? + (Imd3¢1)”] 
+ Ag [(Redtg2) (Imd* bo) + (Re@sds) Imd3os) + (Rebso1)(Imd3¢1)] . 


Then how to solve the analytically necessary and sufficient conditions of the 
boundedness from below of the above model (or V > 0) is a topic worthy of 
study and practical significance. It may be seen as a 4th order 3-dimensional 
symmetric tensors, and so, this problem is converted into a problem that 
solving positive definiteness (or copositivity) of the corresponding tensor. 
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